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^ Abstract. Let tt be a regular algebraic cuspidal automorphic representation of 

' GLn(-'^_F) for a number field F. We consider certain periods attached to tt. These 

periods were originally defined by Harder when n = 2, and later by Mahnkopf when 
F = Q. In the first part of the paper we analyze the behaviour of these periods 
upon twisting tt by algebraic Hecke characters. In the latter part of the paper we 
consider Shimura's periods associated to a modular form. If ip^ is the cusp form 
associated to a character % of a quadratic extension, then we relate the periods of 
ip^n to those of ipy-, and as a consequence give another proof of Deligne's conjecture 
I on the critical values of symmetric power i-functions associated to dihedral modular 

■ forms. Finally, we make some remarks on the symmetric fourth power L-functions. 
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1. Introduction 

The main goal of this paper is to analyze certain periods attached to cuspidal 
representations of GL„. If vr is such a representation, the periods we consider are 
nonzero complex numbers attached to tt which are (expected to be) intimately linked 
to the special values of the standard L-function of vr. In general, these are the only 
periods defined for representations of GL„, and ultimately, a study of the special 
values of L-functions may be reduced, via functoriality, to a study of these periods. 

Let F be a number field and let vr be a cuspidal automorphic representation of 
GL„(Ai?). We assume that vr is regular and algebraic, which is a condition entirely on 
the infinity component tToo of vr. This assumption makes vr arithmetically interesting, 
for example, it ensures that the finite part ttj is defined over a number field Q(7rj). Let 
Sr be the set of real places of F. We let e = {ev)v£Sr be a signature indexed by the real 
places with e„ G {±}. In the signature, can be any sign if n is even, and if n is odd, 
then e is uniquely determined by tt. To this data we attach a nonzero complex number 
p'^i'H'f) which we call a period of vr. See Definition I2.2.5I These periods are defined by 
comparing a certain canonical Q(7rj)-structure on the Whittaker model of ttj with a 
Q(7rj)-structure on a suitable cohomology space to which vr has nonzero contribution. 
The comparison map between these two spaces is essentially the inverse of the map 
giving the Fourier coefficients of cusp forms in the space of vr. These periods were 
first defined by Harder |12j for representations of GL2(Ai7), and later were generalized 
by Mahnkopf [21] in the case of GL„(Aq). In both these works they are defined to 
analyze the special values of the standard L-function L{s,7Cf) attached to rcf. 

Concerning special values of L-functions, often times, it is interesting to know how 
these values change under functorial operations on the representation at hand. For 
example, one can ask for the behaviour of L(m, ttj ^/) as a function of the Hecke 
character ^j. One application of such a question is the subject of p-adic L-functions. 
This translates to a question about the behaviour of the periods attached to ttj upon 
twisting TTj by Hecke characters. One of the main aims of this paper is to answer this 
question for the periods p^{TTf). In §2.31 we prove the following 

Theorem 12.3.11 Let tt be a regular algebraic cuspidal automorphic representation of 
GLni^Ap), and let ^ be an algebraic Hecke character of F. We attach a signature 
to ^. We let 7(^/) be the Gauss sum attached to ^. Then 

for any permissible signature e for tt (which is an issue only when n is odd). By 
^Q{nf,£,f) we mean up to an element of the number field Q{TTf,^f). Moreover, the 
quotient p'''^^{tt f) / {^{^f)^'"'^'^''~^^^'^p''{TT f)) is equivariant under the action of the auto- 
morphism group of complex numbers. 

The proof of this theorem is a little involved to explain in the introduction, however 
we ask the reader to look at the diagram of maps (12.3.21) . The proof comes out of 
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an analysis of that diagram; the period relation somehow captures the obstruction to 
commutativity of this diagram. 

One special case of this theorem is when F is a real quadratic field, and vr corre- 
sponds to a Hilbert modular form of CM type, then our period relations are formally 
the same period relations proved by Murty and Ramakrishnan in [26j. The reader 
should also compare our Theorem 12.3. II with the conjectures of Blasius and Panchiskin 
on the behaviour of Deligne's periods attached to a motive upon twisting it by Artin 
motives. See §2.41 

A second aim of this paper is to consider Deligne's conjectures about the special 
values of the symmetric power L-functions attached to a holomorphic modular form. 
In §3.11 we recall the precise statement of the conjecture. See Conjecture I3.1.1[ (See 
also our previous paper [29] concerning the implications of some recent progress in 
Langlands functoriality for the special values of symmetric power L-functions.) If the 
modular cusp form is of CM type, namely, if the associated cuspidal representation 
is induced from a character x of cin imaginary quadratic extension, then we say the 
modular form is of dihedral type, and denote it by ipy^. Now Deligne's conjecture on 
special values of the symmetric power L-functions attached to dihedral forms is known 
via motivic techniques; this is because Deligne's main conjecture [51 Conjecture 2.8] is 
known if one considers only the motives as those attached to abelian varieties and the 
category used is that defined by using absolute Hodge cycles for morphisms. In §3.41 
we give an elementary proof in the dihedral case using only L-function techniques. In 
Theorem 13.4. 7[ we prove another period relation, which after some formal functorial 
calculations, implies Deligne's conjecture. We now proceed to describe these period 
relations. 

Given a holomorphic modular cusp form ip on the upper half plane, let tt^(v?) be 
the periods attached to ip by Shimura [53]. The critical values of L(s, y?) are described 
in terms of u^{<p) [33 Theorem 1]. Now, if 99 = yj-^ is dihedral, then one can check 
that the r-th symmetric power L-function attached to (p^ is essentially a product 
of L-functions of ip^n for various powers of x- See Corollary 13.4.31 for the precise 
factorization. One can deduce Deligne's conjecture if one relates the periods of y^^n 
to the periods of ip^. This is the content of our second main theorem of this paper. 
In §3.41 we prove the following 

Theorem 13.4.71 Let x be a Hecke character of K, where K is an imaginary quadratic 
extension of Q. Assume that Xoo(^) = for an integer k >2. Let ip^ be the 

corresponding primitive modular cusp form. Then we have 

u+{ip^n) u+ip^y, and ^"(y^x") ~Q{x) w"^(^x)"7(t^i^) 

where '^{ujk) is the Gauss sum of the quadratic Hecke character ujk of Q attached to 
K by class field theory; and ^q{x) rneans up to an element o/Q(x). 

Again, we prove a stronger Aut(C)-equivariant version of this period relation. The 
proof of this theorem is by induction on n, while using the Rankin-Selberg L-function 
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attached to ip^n x ^9^; the proof also uses some well known nonvanishing results for 
twists of L-functions (see Lemma [3.4.8p . 

In ^ we take up the theme of our paper [29] , of using Langlands functoriality to 
special values of L-functions, as applied to the case of the symmetric fourth lifting of a 
holomorphic modular form. We know from the work of Kim [13] that given a cuspidal 
representation vr of GL2, Sym^(7r) exists as an automorphic representation of GL5. 
The hope is to be able to use this, in conjunction with the recent work of Mahnkopf 
[23] on the special values of standard L-functions on GL„ over Q, to prove Deligne's 
conjecture on the special values of symmetric fourth power L-function attached to a 
modular form. Pursuing this line of thought, in §4.31 we have recorded the current 
status of what is known, and what are some of the impediments; which in turn may 
be construed as an impetus for future work. 

It might help the reader to know that ^ and ^ are quite independent of each 
other. However, the relatively short ||31 depends on both ^ and ^ 

Acknowledgements: We are grateful to Laurent Clozel, Paul Garrett, Joachim Mahnkopf, Dipendra Prasad, 
Dinakar Ramakrishnan and David Vogan for helpful correspondence. The first author thanks the warm 
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Schrodinger Institute in Vienna, where the work took its final form. This work is partially supported by the 
Vaughn foundation for (A.R.), and by NSF grants DMS-0200325 and DMS-0700280 for (F.S.). 

2. Periods of cusp forms 

2.1. Notation and some preliminaries. For a number field F, we let Kp stand 
for its adele ring, and Ip = be its group of ideles. We let || fi? : li? — ]R>o be 
the adelic norm defined by \\x\\f = Ylv \^v\v, with v running over all places of F, and 
the local absolute values all being the normalized ones. When there is no confusion 
about the base field F, we will drop the subscript F from Ap, Ip, and || \\p. For any 
finite set S of places of F we use a superscript S to denote a product outside S, and 
a subscript S to denote a product within S. For example, if 6*00 stands for the set of 
all infinite places of F, then the ring of finite adeles is Ap°° and will be denoted Apj 
or simply as A/. We let Sr stand for the set of real places and so S'c := Soo — Sr is the 
set of complex places. Let ri (respectively denote the number of real (respectively 
complex) places of F; the degree of F is dp := [F : Q] = ri + 2r2. 

Let G = GL„, and let Z = Zn he the center of G, both regarded as F-groups. 
Let Goo = G{F (g) M) = G{RY^ x G{CY\ Following Borel-Jacquet [SI §4.6], we 
say an irreducible representation of G{A) is automorphic if it is isomorphic to an 
irreducible subquotient of the representation of G{A) on its space of automorphic 
forms. We say an automorphic representation is cuspidal if it is a subrepresentation 
of the representation of G{A) on the space of cusp forms ^cusp(G'(F)\G(A)). For an 
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automorphic representation vr of G{A), we have vr = ttoo (X> ttj, where tToo = ^ves^o'^v 
is a representation of Goo, and ttj = ^tj^s^Tr^ is a representation of G{Af). 

By a Hecke character ^ of F, we mean a continuous unitary character of F*\Ip. We 
follow the terminology as in Neukirch's book [271 §VII.6]. Such a character admits a 
module of definition, say m, which is an integral ideal of F. If ^ is a Hecke charac- 
ter modulo m, then we will also identify ^ with the corresponding GroBencharakter 
modulo m as in [27^ VII. 6. 14]. 



2.2. Definition of tlie periods. Let F be a number field. The purpose of this sec- 
tion is to define certain periods attached to a regular algebraic cuspidal automorphic 
representation vr of GL„(Ai7). This definition is due to Harder [12] for GL2, and is 
due to Mahnkopf [23] in the case F = Q. (We refer the reader to Clozel [7] for the 
definitions of a cuspidal representation being regular and algebraic.) 

Before we get into the details of the definition, we very roughly indicate the in- 
gredients needed in making the definition. We will have a number field E. We will 
have two C-vector spaces Vi and V2 with ^'-structures and V2 respectively. (By 
being an E'-structure for Vi, we mean an ii^-subspace such that the canonical map 
®E 'C ^ Vi is an isomorphism.) In our situation, the spaces Vi will be repre- 
sentation spaces, and not merely vector spaces, and the ii^-structures will be unique 
up to homotheties. Finally, we will have a comparison isomorphism (p : Vi —>■ V2. 
The period attached to (p, denoted p{4>), is a nonzero complex number such that 
(j)(V^) = p{(f))V^. Observe that p{(f)) is a well defined element in C*/E*. For us, the 
number field E will be the rationality field of vr, the space Vi will be the Whittaker 
model of tt, and the space V2 will be a certain cohomology space (to which vr will have 
nonzero contribution), and the comparison isomorphism will be related to taking 
the Fourier coefficient of a cusp form in the space of tt. We now proceed to make all 
this precise. 

The first ingredient we need is the rationality field of tt, or really, tt/. The definitive 
reference is Clozel [TJ Chapter 3]. Given tt, suppose V is the representation space of 
TTf, any cr G Aut(C) defines a representation ttJ on V (8>c C^-i where G(A/) acts on 
the first factor. Let S{7rf) be the subgroup of Aut(C) consisting of all a such that 
TTj ~ TTf. Define the rationality field Q(7r/) of tt/ as the subfield of C fixed hj S{TTf); we 
denote this as Q(vr/) = C'^^'^-''''. For example, if % is a Dirichlet character, also thought 
of as an idele class character, then Q(x/) is the field Q({ Values of x})- Similarly, if ip 
is a primitive holomorphic cusp form on the upper half plane, of even weight 2k, for 
the Hecke congruence subgroup ro(A^), with Fourier expansion ip{z) = an?"", 
and if TT = TT{ip) is the cuspidal automorphic representation associated to (p, then 
Q{TTf) = Q({a„ : n > l})-the field generated by all the Fourier coefficients of ip. (See 
|39].) In this example, the weight is assumed to be even to ensure that vr is algebraic. 
If the weight is odd, the same is true with tt replaced by vr || ||~^''^. The main results 
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that we need about the rationahty field is stated in the following theorem. (See [71 
Theoreme 3.13] and [SHI Chapter I].) 

Theorem 2.2.1 (Eichler, Shimura, Harder, Waldspurger, Clozel). Let n be a regular 
algebraic cuspidal automorphic representation ofGLn{Ap). Then, 

(1) Q(vr/) is a number field. 

(2) 71 f admits a Q{nf) -structure, which is unique up to homotheties. 

(3) For any a G Aut(C), vrj is the finite part of a cuspidal automorphic represen- 
tation (which we denote by n'^). 

The next ingredient we need is the Whittaker model o/ttj and a semilinear action 
o/Aut(C) on this space, which will commute with the action of GL„(Aj-). Toward 
this, we fix a nontrivial character ip of F\Af- (For convenience we fix ip as in Tate's 
thesis, namely, ^p{x) = e^'^*^*^^) with the A as defined in §4.1].) We can write 
'ip = ipoo ® i'f (the meaning and notation being the obvious one). We let W{7i, ip) be 
the Whittaker model of n, and this factors as iy(7r, V') = W^Tiocipoo) ® ^('^/iV'/)- 
There is a semilinear action of Aut(C) on ^^(vrj, ipf) which is defined as follows. (See 
[T2| pp. 79-80] or [2ll pp. 594].) That the values of ip are all roots of unity suggests 
that we consider the cyclotomic character 

Aut(C/Q) ^ Gal(Q/Q) ^ Gal(Q(^oo)/Q) - Z^^Up^p C UpUpipO^ 

^ cr|^ ^ cr\Q{fi^) ^ t„ ^ 

where the last inclusion is the one induced by the diagonal embedding of into 
ripip^p • (Here p is a prime of F above p, and Op is the ring of integers of the 
completion Fp of F at p.) The element to- at the end can be thought of as an element 
of Ay = If. Let to-,n denote the diagonal matrix diag(to-^" ^\ta^^ . . . , 1) regarded 
as an element of GL„(A/). For a G Aut(C) and cf) G W{TTf,il)f), define the function 

by 

for all Qf G GL„(Aj). It is easily seen that is a cr-linear GL„(Aj)-equivariant 
isomorphism from W{TTf,ipf) onto W {iT'f , ip f) . For any finite extension E/Q{TTf) we 
have an F-structure on W^Tifjipf) by taking invariants: 

iy(7ry,V^y)s = l^(7r;,^y)^"'(^/^). 

As a matter of notation, given a C-vector space V, and given a subfield E G C, 
we will let Ve stand for an F-structure on V (if there is one at hand). Fixing an 
F-structure gives an action of Aut(C/i?) on V, by making it act on the second 
factor in V = Ve ®E 'C- Having fixed an F-structure, for any extension E'/E, we 
have a canonical F'-structure by letting Ve' = Ve ^e E' . Further, as a notational 
convenience, when we talk of Whittaker models, we will henceforth suppress the 
additive character ip, since that has been fixed once and for all; for example, W{Tif) 
will denote W{TTf,ipf). Also, we will denote the map simply by cr. 
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As mentioned earlier, the periods come via a comparison of W{TTf)E with a rational 
structure on a suitable cohomology space. We now describe this cohomology space. 
Recall that G = Gn = GL„ and the center of G is denoted Z„ or Z. Let q^o be 
the Lie algebra of Goo- Let K^o = ®v(^Soo^v where = Z„(]R)0„(]R) if v is real, 
and Kjj = Z„(C)f/„(C) if v is complex. Let K° = be the topological connected 
component of Koo- Note that Koo/K^ ~ (Z/2Z)^i. Let be if n is even, and 
(n^ — l)/4 if n is odd. We also let b"^ be n{n — l)/2. Now we define b = rib^ + r2b'^. 
The integer 6 depends only on the base field F and the rank n of GL„. It is the bottom 
degree of the so called cuspidal range for GL„ as an F-group. The next ingredient we 
need in defining the period is relative Lie algebra cohomology of tt in degree b. For a 
{Qoo, -ft'^)-module U, we let H*{goo, K^; U) stand for relative Lie algebra cohomology 
of f/, for the definition and properties of which we refer the reader to Borel and 
Wallach's book [6]. Given a representation r of Goo, by if* (goo, r), we will mean 
the cohomology of the (Qoo, -ft'^)-module consisting of smooth A'oo-finite vectors of r. 

Let T = Tn denote the maximal torus of GL„ consisting of diagonal matrices. We 
regard T as an F-group, and let Too = T{F O M) = T(M)''i x T{CY^. We let B = 
stand for the Borel subgroup of G of upper triangular matrices. This defines i?oo- We 
let X(Too) stand for the group of all algebraic characters of Too. We let X"'"(Too) stand 
for the subset of X(Too) consisting of all those characters which are dominant with 
respect to i?oo- A weight fi G X+(Too) may be described as follows: Let /i = {fiv)v€Saoy 
with fi^ G X{Ty). If V e Sr, then fiy = {pi, . . . ,pn), Pi e Z, pi > p2 > ■ ■ ■ > Pn, and 
the character is: if t = diag()f:i, . . . G T{F^) = T(]R), then t ^— Hi '^f'- If ^ Sc, 
then let {lv,Iv} be the corresponding complex embeddings of F. Identify F^ with C 
via (say). In this case, /i^ is a pair of sequences (/it„, with /i^^ = (pi, . . . ,Pn), 
Pi G Z, pi > p2 > ■ ■ ■ > Pn', likewise fii^ = (gi, . . . , qn) with similar conditions on the 
gj's; the character /x^ is: if t = diag(zi, . . . , z„) G T{F^) = T(C), then t i— >• Yli^f'^T- 
(Here Zi is the complex conjugate of Zj.) For such a character /i, we define a finite 
dimensional representation (p^,M^) of Goo as follows. For v G Sr, let (p^^,M^^) be 
the irreducible representation of G{F^) = G{R) with highest weight /i^,. For v G Sc, 
let {Pix^,Mij_J be the representation of G{F^) = G(C) defined as = p^^^ (g) p^,^, 
where p^^^ is the irreducible representation with highest weight p^^, and similarly 
p^j-^. Now we let p^ = <^ves<^Pfiv- Since vr is a regular algebraic cuspidal automorphic 
representation of GL„(A), we have from the proof of [3, Theoreme 3.13] that there 
is a dominant algebraic weight p G X+(Too) such that H*{goo, K^; tCoo ® p^f^) ^ 0. In 
defining the periods, we will be looking at H^{Qoo, K^^; tCoo ® 

The group K^/K^^ ~ {Z/2Zy^ acts on H\q^, K^; tCoo^M^. We consider certain 
isotypic components for this action. Consider an ri tuple of signs indexed by the set 
5*^ of real places in S'oo. Let e = {ey)^^Sr ^ {1, sgn}''^ = (_ft'oo/-^^r If n is even then 
there are no restrictions on e, however, if n is odd then vr uniquely determines an e, 
in that we let e„ = a;7r„|±i ■ sgn'^*^''")/^, where the weight wt(p„) of p^ is defined in 
[24| (3.1)]. (If n is odd, then for v G Sr, e„ is simply the central character of ® p^^ 
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restricted to {±1}, since the parity of n means that K^jK^ ~ {±1} C Let 
iJ^(goo, 7i"oo ® be the corresponding isotypic component. This isotypic 

component is one dimensional. This can be seen, by using [211 (3.2)] for the real 
places, [71 Lemme 3.14] for the (real and) complex places, and the Kiinneth theorem 
for Lie algebra cohomology 1.1.3], as follows: 



i7^(goo,K^;vroo®M;)(e) 




= (g) i^'"(0., TT, ® M;j(e.) (g) if^"(fl., 7r„ ® M^J. 

In the summation, only one term survives, because for all other summands, at least 
one of the a„ has to be less than or b'^, and by [TJ Lemme 3.14] the corresponding 
factor vanishes. We fix a generator w^o = w('7roo,e) for this one dimensional space 
i/^(0oo,i^^;7roo®MV)(e). 

We have the following comparison isomorphism of the Whittaker model Wlnf) 
with a global version of the above cohomology space. We let Jvj.e.woo denote the 
compositum of the three isomorphisms: 

WiTTf) ^ Wi7ij)®H\Q^,Kl;W{n^)®M;^){e) 
H\g^,Kl;W{rr)(»M;:){e) 

iJ^(0oo,i^:L;K®M;)(e), 

where the first map is w/ ^— (S> Wqo; the second map is the obvious one; and the 
third map is the map induced in cohomology by the inverse of the map which gives the 
Fourier coefficient of a cusp form in V^-the space of functions in ^cusp(G'(F)\G'(A)) 
which realizes vr. 

We now describe a rational structure on i^^(goo) K- ® by relating 

relative Lie algebra cohomology with the cohomology of locally symmetric spaces. 
(See [3 pp. 128-129], [2H §3.2].) Let Kj be any open compact subgroup of G{Af). 
Consider the manifold 

S{Kf) = G{F)\GiA)/Kl,Kf. 

This is typically a finite disjoint union of manifolds like r\Goo/-^^- For a dominant 
algebraic weight fi G X~^{Too) the corresponding finite dimensional representation 
(p^, M^) of Goo is defined over Q. Fix a Q-structure M^^q on which gives a 
canonical £^-structure for any extension E/Q by M^^e = ^et A^^,_e be the 

associated locally constant sheaf on S{Kf). For brevity, we also let = M^^c and 
similarly Ai^ = Ai^^c- We consider the direct limit of various cohomology groups 

H^{S,M]^) = hm H;{S{Kf),M]^), 
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where the direct hmit is taken over all open compact subgroups Kf of G{Af), and 
? G {B, dR, c, cusp} meaning singular (Betti) cohomology, or de Rham cohomology, 
or cohomology with compact supports, or cuspidal cohomology, respectively. Cus- 
pidal cohomology injects into cohomology with compact supports H*^^^{S, Ai^f^) ^ 

iJ*(S', and the latter is canonically a module for Aut(C) x G{Af) with com- 
muting actions for the different groups. The image of cuspidal cohomology is defined 
over Q. Also, cuspidal cohomology decomposes into a direct sum over cuspidal co- 
homological representations and a rational structure on any summand is obtained 
by intersecting that summand with a rational structure of the ambient space. (As a 
general reference for all of this, see Clozel [7, §3.5].) 

More precisely, by definition of cuspidal cohomology, we have 

(2.2.2) Hl,^{S, Ml) ^ H\q^, Kl- Ausp(G(F)\G(A)) ® M^). 

From the decomposition of Acusp{G{F)\G{K)) into cuspidal automorphic representa- 
tions, we deduce that the right hand side decomposes into a direct sum 

H\q^, Kl- Ausp(G(F)\G(A)) ® m;) ^ H\q^, K^- K ® M^). 

7r6Coh{G,AtV) 

This also defines the notation Coh(G', yU^) as the set consisting of all tt having a 
nonzero contribution in the right hand side. Now consider the action of Koo/K^, and 
further decompose each summand into its isotypic components. Let e G {Koo/K^) 
be as before, i.e., if n is even then e can be any character, and if n is odd, then e 
is uniquely determined by tt. We let vf = -kj ® and denote the inverse image of 
H\q^,KI^; 14 ® M]i){t) across the isomorphism in fl2X2|) by H^^^^^{S , Ml){^). We 
have 

Hi,^{s,Mi)c^ 0i/Lp(^,-M;)(vf), 

where in the second summation e is as described above. (See also [211 (3.13)].) 

We now have the following description of the rational structures. The Betti coho- 
mology spaces H'^{S,Ai'l) are naturally defined over Q, since the coefficient system 
admits a Q-structure [71 p. 122]. (This will be exploited in the proof of Proposi- 
tion 12.3.61 ) The Q-structure on Betti cohomology induces a Q-structure on co- 
homology with compact support fTl exact triangle on p. 123] which we denote by 
H^{S,Ai'l)Q. This in turn induces a Q-structure on the full space of cuspidal coho- 
mology ([3 Theorem 3.19]) 

(2.2.3) HlJS,M;h = HL,iS,Ml) n H',{S,M]^h. 
We get for each summand of cuspidal cohomology [7J Lemme 3.2.1] 

(2.2.4) H',,,^{S,Ml){n)E = Hl^^{S,Ml){n) n Hl^^iS,Ml)E 
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for any extension E/Q{TTf). We can transport the rational structures f l2.2.3p and 
fl2.2.4p across the identifications with relative Lie algebra cohomology to get rational 
structures on the latter spaces as: 

H\g^, Kl- Ausp(G(F)\G(A)) ® m;)q :^ HI^^CS, M^q, 

and for any extension E/Q{TTf) we have 

H\q^, Kl- Ausp(G(F)\G(A)) ® m;)e. 

We recall that Aut(C) acts on objects indexed by Sqo by acting on the embeddings 
of F into C. For the precise definition of the action of Aut(C) on tx^o see [3 §3.3]; this 
then defines an action of Aut(C) on ^ and e (they are determined by tt), and finally, 
for cr G Aut(C) we define as w(7roo,e)°" := w(7r^,e°"). We are now in a position 
to define the periods attached to vr. 

Definition 2.2.5. Let tt be a regular algebraic cuspidal automorphic representation 
of GLn{Kp). Let fi G X+(Too) be such that n G Coh(G',/i^). Let e be a char- 
acter of Koo/K^. (If n is even then e is any character, and if n is odd, then tt 
uniquely determines e.) Let Wqo be a generator of the one dimensional vector space 
H^{goo, -^^5 7roo(8>M^)(e). To this data (vr, e, Woo) is attached a period, that we denote 
p'^{7Tf,Woo), which is a nonzero complex number such that the normalized map 

is Aut{C) -equivariant: 

TT f .e.woo , „ 

W{7Tf) ^ H\g^, Kl- K ® MV)(e) 

a a 

iy(7rj) 1 ^ if "(g^, Kl- V;. ® )(e'^) 

The period p'^^TTf, Woo) is well defined only up to multiplication by elements ofQ^TTf)*. 

It is helpful to simplify our notation a bit. We begin by fixing generators for all 
the possible one dimensional relative Lie algebra cohomology spaces for the groups 
GL„(]R) and GL„(C). Having done so, we have therefore fixed generators for the 
cohomology spaces for the group Goo- We also ask that this choice be compatible 
with twisting tToq by algebraic unitary characters ^oo of Goo; this condition although 
crucial in the proof of Proposition 12 . 3 . 71 is not a serious constraint. (For example, for 
G = GL2, the choice of a generator for as in Waldspurger [391 p. 130-131] is already 
invariant under twisting.) This choice is compatible with the action of Aut(C) on 
automorphic representations at infinity. Henceforth, we abbreviate J?V/,e,woc by ^TTf,e, 
similarly for the normalized maps, as well as p'^{TTf,Woo) by p'^{7Tf), while keeping 
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in mind that Wqo has been chosen aheady. (For example, in the classical setting of 
modular forms, this is equivalent to fixing a generator w^o for of the discrete series 
representation of GL2(M) of lowest weight k, and now for all weight k modular forms 
we work with this choice of Woo-) 

In terms of the un-normalized maps, we can describe the above commutative dia- 
gram by 

(2.2.6) ,o^.„,.(^^j^...,„,. 

The periods p'^(vrj) are expected to be intimately related to the special values of the 
L-function Lf{s, it) attached to tt/; indeed, this is one of the main motivations for this 
paper. Making this relation explicit is part of a future work which we hope to report 
on in another paper. If F = Q, this is the main thrust of the work of Mahnkopf |24j . 
Roughly speaking, the quantity Q^{tt , tt' , rj) that shows up in Theorem 5.4]-the 
main theorem of that paper-is given by 

\L(TT,TT ,11] = — ; ; --. 

For the precise definition of fie(7r, tt', rj), which is considerably more involved and quite 
delicate, see [211 (5.11)]. (In §4.31 we discuss a little more about certain issues posed 
by this auxiliary character rj.) 

Before we end this subsection we note that there is another approach to get an 
£^-structure on Whittaker models. By using Waldspurger [39l Lemme I.l] we get that 
there is an i?-structure generated by all the local new vectors. It is an interesting 
exercise to compare the two different ii^-structures on W^Hf) because that gives a 
period associated to ttj (which is quite different from the Harder or Mahnkopf type 
periods). Whether this period has anything to do with special values of the L-function 
associated to vr is not clear at the moment. 

2.3. Behaviour under twisting. The motivation for this section comes from our 
earlier work [29i|. We formulated a conjecture which relates the special values of 
L{s, Sym"(^, ^)-the symmetric power L-function of a holomorphic cusp form (p twisted 
by a Dirichlet character ^-to the special values of L(s, Sym"*/?). We predict therein 
that a certain explicit power of the Gauss sum of ^ relates the two special values. (See 
[29| Conjecture 7.1].) Assuming Langlands' principle of functoriality, this conjecture 
would follow if we can prove a similar statement on the relation between the special 
values of L(s,7r (g) for a cuspidal representation tt of GL„(Aq), and the special 
values of L{s, tt) itself. In view of the work of Mahnkopf, this translates to proving a 

similar relation between the periods P(7r®^) and L'(vf) associated by Mahnkopf to 
vr ^ and vr respectively. This relation would roughly take the form 
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where ~ means up to some algebraic quantities over which one hopes to have as much 
control as possible. 

The main aim of this section is to prove such a result for the periods p^(vrj) that we 
defined in the previous section. Albeit this statement is not trivial to prove, it should 
not be philosophically surprising, because, it seems unlikely to be able to introduce 
new transcendental quantities if one only allows twisting by 'algebraic' characters. In 
a classical context, one should view this as that the transcendental part of the special 
value L{2m,x), for an even Dirichlet character x and an integer m > 1, is already 
captured by the special value C{2m) of the Riemann zeta function; and the quotient 
of the two special values is basically the Gauss sum of %. See [221 §7] for a discussion 
of such and other classical examples. 

Before we state and prove the main theorem, we need some preliminaries on Hecke 
characters and their Gauss sums. We keep all the notation introduced so far. Let ^ 
be a Hecke character of F, and let be the associated primitive Hecke character and 
let the conductor of ^° (and hence of ^) be c. Let Dp be the absolute different of F, 
and let y E c'^Vp^. Define the Gauss sum of ^ by 

In the right hand side, ^ is the finite part of the GroBencharakter ^. This definition 
is slightly different from [271 VII. 6. 3] and is more like the definition of Gauss sum 
used by Shimura [Ml p. 784]. Observe that 7(^,1/) depends only on the class of 
y in c'^Vp^ /Vp^ . Given a ^, we will arbitrarily pick such an element y for which 
7(0' y) 7^ 0- Having chosen y for we will work with the same y for every character 
of the form where a G Aut(C). This choice will not affect us in any serious way, 
because we will really be concerned with certain quotients involving Gauss sums, and 
such quotients will not depend on y. (See Lemma [2.3.41 below.) In the notation we 
will therefore suppress the dependence on y, and denote the Gauss sum of ^ by 7(0)- 
Given a Hecke character ^, we define its signature = {€^^y)y^Sr ^ {±l}''i as 
follows. For V G 5*^, define e^^^, = ,^i,(— 1). We will think of as a character of 
Koo/K^. We can now state and prove one of the main results of this paper. 

Theorem 2.3.1. Let F be a number field and tt be a regular algebraic cuspidal auto- 
morphic representation o/GL„(Ap'). Let fi be a dominant algebraic character of 
such that TT G Coh{G, fi"^) . Let e be a character of Kao/K^ as in ^ and let p'^{TTf) 
be the period as in Definition \2.2.5\ Let C, be an algebraic Hecke character of F with 
signature . Then n ^ is also a regular algebraic cuspidal automorphic representa- 
tion, and the signature e ■ := e ® is a character of Koo/K^ that is permissible 
for vr ® ^ (which is an issue only when n is odd), hence the period p'^''^^{TTf ® 0) ^■^ 
defined. We have the following relations: 
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(1) For any a G Aut(C) we have 




(2) Let Q{7if,^f) denote the compositum of the (number) fields QIt: f) andQ{^f). 
We have 

By ~Q(7r/,5/) we mean up to an element o/Q(7r/,^/). 

Proof. Note that (1) =^ (2) follows from the definitions of the rationality field of ttj 
and ^f. It is really statement (1) which takes some work to prove; this entails an 
analysis of the following diagram of maps. Warning: This diagram is not commu- 
tative! Indeed, the various complex numbers involved in (1) measure the failure of 
commutativity of this diagram. 

(2.3.2) 



W{nf) — ^ H^V^ ® M;r)(e) 




Wc need to explain the undefined and abbreviated notations in the above diagram. 
We have abbreviated H\q^,K^;V^ O M^)(e) as H\V^ ® M^)(e). Same remark 
applies to three other objects. The maps and are defined as follows. If w is 
any Whittaker function for GL„(A), then define 

W^{w){g) ^ ^{det{g))w{g) 

for all g e GL„(A). It is easy to see that maps W{7r) onto W{7r<SiO- identical 
formula defines W^^. and W^^. Similarly, we define for any automorphic form 

(j) on GL„(A) by 

A^mg) = adctigym) 

for all g e GL„(A). It is easy to see that A^ maps K- onto K-®^. The identity map 
on the vector space is denoted 1 ■ Observe that A^(S)1m^ is a Goo-equi variant 
isomorphism from onto V^^^ (M^ ^^), and we denote {A^ Imv)* the 

map induced by A^^ in cohomology. 
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Analyzing the diagram involves an analysis of certain subdiagrams. Some of these 
are independently interesting, and so we delineate them in the following propositions. 
There are three propositions below which give information about (non-)commutativity 
of some of the faces of (12.3.21) . 

Proposition 2.3.3. Let tt be a cuspidal automorphic representation o/GL„(A). Let 
C, be a Hecke character of F. Then for any a G Aut(C) we have 

aoW^^ = a{^f{t~-^-''y'))W^.oa. 
Proof. Consider the diagram 

W{TTf) ^ WiTlj) 



Let w G W{nf). We will chase this element w in the above diagram. For all g G G{Af) 
we have 

a{W^^iw))ig) = a{W^^{w)it,,^g)) 

= a{^f{det{t^.ag))w{t^,ng)) 

On the other hand, we have 

W^j{a{w))ig) = Cf{det{g))a{w)ig) 

= a{^f{det{g)))a{w{t^^n9))- 

Hence 

(This measures the failure of commutativity of the above diagram.) □ 
Lemma 2.3.4. 



-m. )) - 
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Proof. Using the definition of to- we liave 



xe(OF/c)x 
x-e(Of/c)x 



x'e(OF/c)x 



□ 



Corollary 2.3.5. 



n(n-l)/2 



' ^(7(0)) Y 

7(^;) ; 

Proof. Follows from Proposition 12.3.31 and Lemma 12.3.41 □ 



Proposition 2.3.6. Let tt be a regular algebraic cuspidal automorphic representation 
o/ GL„(A), and let fi G X^{Too) be such that it G Coh(G, /i^). For any algebraic 
Hecke character ^ we have 

ao{A^0 l^.^v)* = {Ai:. (g) 1a/;J* o 

Proof. This proof is a little more involved, and to help the reader, we adumbrate it 
as follows. First go up to a bigger ambient vector space {H2j^{S,Ai)) and then use 
an identification of this bigger space with another space (if^(S', A4)) where it will be 
obvious that a lift of is Galois equivariant, and hence so is the original y4|. During 
the course of the proof, it helps to keep the following scheme of spaces and maps in 
mind. 

i i 

i i 

where all the vertical arrows are inclusions. Indeed, the rational structures on all the 
above spaces comes from a rational structure on the Betti cohomology space on which 
it is very easy to describe an action of Aut(C) (see |7|, p. 128]). In the above scheme, 
we need not (and so did not) refer to cohomology with compact supports because one 
has [3 p. 129] 

^:usp K m := lmage(ff: ^ H*^) 
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and the composite is an injection, i.e., H*^^^ H*, and hence H*^^^ ^ -^dR- 

To begin the proof of Proposition I2.3.6[ observe that the map {A^ eg) Im^)* in the 
statement of the proposition is the restriction to H^{goo, K'^; M^)(e) of the map 

® Imv)* : H\g^,Kl-AcusAGiF)\G{A)) ® A/^) ^ H\g^,Kl-Acusp{GiF)\G{A)) ® (M^ ® C^;')) 

induced by on AcvLsp{G{F)\G{A)). From a fundamental theorem of Borel [1], 
cohomology with coefficients in the space of cusp forms injects into cohomology with 
coefficients in the space of smooth functions, and the above map {a^s, ® Im^)* is the 
restriction to H\g^,K^; Ausp(G(F)\G(A)) ® M^) of the map 

(c-As ® Imv)* : //"(goo, A'i;C°=(G(F)\G(A)) ® M^) ^ H''{g^,Kl;C°^{G{F)\G{A)) ® (M;r 8^^^)) 

induced by A^ on C'^{G{F)\G{A)). 

On the other hand, relative Lie algebra cohomology can be identified with de Rham 
cohomology, and we can transport the map {c°°A^ ® Im^)* across to get 

(By Ai"^ ^ we mean the locally constant sheaf induced by the representation 
® ^^■) We can describe the map dnA^ as follows. Let Kf be an open compact 
subgroup of G{Af) such that ^(det(fc)) = 1 for all k G Kf. Recall the identification 

m §1-1]) 

H',^{S{Kj),Ml) H\g^,K'^;G^{GiF)\GiA) ff0M;:;). 

The choice of Kf implies that A^ stabilizes G°°{G{Q)\G{A))^f and so induces a map 
{c°°A^Kf ® Imv)* on the right hand side above. Clearly, linij^^ {c°°^i,Kf ® Im^)* = 
{c°°A^ ® ^M^)*- Moving across to de Rham cohomology, we can describe the map 
dR^lxf acting on differential forms by pointwise multiplication by ^, i.e., if is a 
A^|;^-valued (closed) differential form of degree b on S{Kf) then 

di?^C,x/^)9 = ^(det(^))^g 

for any g G GL„,(A), where g is the image of g in S{Kf). (For any x G S{Kf), by Ux 
we mean the value at x of which is a section of the 6-th exterior of the cotangent 
bundle twisted by A^^ over the manifold S{Kf).) Observe that the above equation 
is well defined. Passing to the limit we get the map cirA^ = lim ^rA^ j^^. 

Now we move across to Betti cohomology via the de Rham isomorphism, and get 
a map 

bAI : HUS,M]^) ^ i7|(S,^>eoo')- 
The point of going to Betti cohomology is because the action of Aut(C) is especially 
simple to describe-it acts by acting on the coefficient system. (See [3 page 128].) 
Namely, if o" G Aut(C) then we have a cr linear isomorphism 

HUS{Kf),M]^) ^ HUS{Kf),M]:,.). 
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This isomorphism is the one induced in cohomology by the following map on the 
singular cochain complex 

which is simply t l^or, if l„ is the ci-linear isomorphism from to M^a. (Recall 
that is defined over Q and that the action of o" on is via the embeddings of F 
into C.) The action of Aut(C) on H'^{S{Kf), M-^j^) can be transported to an action 
on H^j^(S{Kf),M'^), and after passing to the limit, induces an action of Aut(C) on 
each of the spaces 

^*(Soo,<,K®M;)(e) C i/e*usp('5,A<;i) C H*^{S,M''^). 

The statement in the proposition may be phrased as that the map {A^ Im^)* is 
Aut(C)-equivariant. From the above description of the action of Aut(C), we can see 
that the (A^^Im^)* is Aut(C)-equivariant if and only if any of the maps (aA^^Im^)* , 
{c°°A^ (g) Imv)*, cirAI or bA'^ is Aut(C)-equivariant. 

It is easy to see that the map dR^l is Aut(C)-equivariant, since Aut(C) acts on the 
coefficient system, and dnA^ is more intrinsic to the manifold. More precisely, consider 
the de Rham map Q* {S {K f) , M"^) A* {S {K f) , M'^) from the space of differential 
forms to the space of singular cochains, given by integration. (This induces the de 
Rham isomorphism in cohomology.) We can describe the action of cr G Aut(C) on 
u e n\S{Kf),Ml), by aiu), ^ L o for x e S{Kf). For any g e GL„(A), if g 
denotes the image of g in S{Kf), we have 

a{dRA^,Kf{,i^))g = Lo dRA^^Kf{(^)g =laO ^idct{g))ujg_ 

= a{^{det{g))% o ujg^ = dRA^.^Kfi(^{i^))g_- 

In other words, a o dRA^^Kj = dRA^<y^Kj ° Passing to the limit over all Kf^ we get 
c o cLrA^^ = dRA^'7 o cr, which induces the desired equality of maps in cohomology. □ 

Proposition 2.3.7. The diagram 

W{nf) ^ ^ H\q^, Kl; V, M]i){e) 



W{Tif ® if) . H\q^, Kl- ® (M; ® e^i))(e ■ e^) 

commutes. (The horizontal maps are the un-normalized maps.) 

Proof. That this diagram commutes can be seen by observing that the following three 
diagrams commute, since the horizontal maps are both the compositum of three maps. 
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(For brevity we denote H^-) for H\goo, K^; -)■) 



(2.3.. 



W{7Tf) 



(2.3.9) 



W{TTf) iJ''(M^(^oo) ® M;)(e) 



.i7''(M^(^)®Af;)(e) 

(W5®l„v)* 



WiTTf ® C/) ® ff'(Vr(^oo ® Coo) ® (M; ® ^-'))ie ■ ej) H\WiTT ® C) ® (M^ ® C-i))(e • ej) 



(2.3.10) iJ^(W^(7r) ® M^){e) 

(IVj^Imv)* 

i?^(M^(7r ® C) ® (^u ® r^))(e • £«) 



ff^(T4®M;)(e) 

(Aj<»lj,jv)* 

■i?''(F.»«®(M;®Cii))(6.e5) 



For the commutativity of fl2.3.8p . note that the hnear map W^^ induces a Goo- 



equivariant isomorphism W;. 



: Win, 



and hence induces an isomorphism (W^^ ® Im^)* in cohomology. From the choice we 
made on the generators of such one dimensional cohomology spaces we have {W^^ ® 
lj\/v)*(w(7roo, e)) = w(7roo ® ^oo, e ■ e^)- Now it is easy to check that fl2.3.8p commutes. 
The diagram in fl2.3.9p is the one induced in cohomology of the commuative diagram 



W{7i) ® Ml 



We®!, 



w{nf ® 0) ® w{iT^ ® u) ® {Mi: ® — - Win ®o® (Mi: ® ^-'] 



and hence f l2.3.9p commutes. Finally, the diagram in (12.3. lOp is the one induced in 
cohomology of the diagram 



W{n) 



^Mi:- 



Win ® ® (m; ® e;;') — - v;^5 ® (M,^ ® ^oo') 
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where the horizontal maps are the inverses of taking the Fourier coefficients. If the 
Fourier coeffcient map K- W{it) = W{n,'ip) is denoted w^{(p), where 



w^{4>){9) = I (j){ng)i){n) dn 

J N{F)\N(k) 

then it is easy to see that w^{(t)®S,) = w^{(f))<^^, hence this last diagram commutes. □ 

We can now finish the proof of Theorem 12.3.11 as follows. We consider the com- 
posite map {Acer (g) Im\)* ° o- o J^^ in the diagram (12.3.21) . On the one hand, using 
Equation 12.2.61 and Proposition I2.3.7[ we have 

{A^. ® Imv )* o a o T^^,, = {A^. ® Imv )* o | ^Mj^ ) o a 



a(p^(7r/)) 



•^7r-(g)e?,e--ef<T ° W^-y O (J. 



On the other hand, using Propositions 12.3.61 12.3.7[ Equation 12. 2. 61 and Corollary [233] 
(in that order), we have 



Putting both together we have 



n(n-l)/2 



from which the theorem follows. □ 
2.4. Some remarks. 

Remark 2.4.1. The reader should compare Theorem 12.3.11 with the conjectures of 
Blasius [3] and Panchiskin [28], on the behaviour of Deligne's motivically defined 
periods upon twisting a given motive by Artin motives. (A finite order Hecke character 
is an example of an Artin motive.) 

Remark 2.4.2. Suppose vr is an algebraic cuspidal representation of GL„(Aj7'), and 
suppose M = M{n) is the conjectural motive attached to vr as in [TJ Conjecture 
4.5]. A very interesting question (modulo this conjecture) is to understand how the 
periods p^inf) considered above compare with Deligne's periods c^(M) attached to 
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M. (See |H].) This is related to the issue of factorization of Dehgne's periods over 
the infinite places as in Blasius [21 M.8]. The question is even more delicate than 
just a factorization issue, because according to [8, Conjecture 2.8], Deligne's periods 
are meant to capture the transcendental part of the special values of the motivic 
L-function L(s,M), however, Mahnkopf's work ^24j suggests that the transcendental 
part of the special values of L{s,Hf) depends not only on the periods p'^^Hf), but 
also on the periods attached to a sequence of representations tTj of GL„_2j(Ai?) for 
1 < i < n/2. 

Example 2.4.3 (Special case of Tate's conjecture). Consider Theorem 12.3.11 in the 
following special case: Let F be a real quadratic extension of Q. Let K/F be a 
totally imaginary quadratic extension. Let x be a Hecke character of K which is 
Gal(K/F)-regular, and let vr = AIk/f{x) be the cuspidal automorphic representation 
of GL2(Ai?) obtained by automorphic induction. Assume that the infinity type of x 
is so arranged that vr is algebraic and regular. Note that vr ^ vr ® uk/f, where uk/f 
is the quadratic Hecke character of F associated to K/F by class field theory. If we 
denote a signature e = (61,62) with = ± (instead of 1 or sgn as before), then the 
signature of ujk/f is (— , — )• In this setting. Theorem 12.3.11 gives 

A Hilbert modular form over F of CM type corresponds to such a representation 
and the above period relations are formally the same relations proved by Murty and 
Ramakrishnan. (See [26l Theorem A].) Such a period relation is one of the main 
ingredients for them to prove Tate's conjecture in a special case. 

3. Deligne's conjecture 

3.1. Statement of the conjecture. Let ip G Sk{N,uj), i.e., is a holomorphic cusp 
form on the upper half plane, for ro(iV), of weight k and nebentypus character u. 
Let (p{z) = J2'^=i ^riQ"" be the Fourier expansion of ip at infinity. We let L{s,ip) stand 
for the completed L-function associated to ip and let Lf{s, ip) stand for its finite part. 
Assume that <p> is a primitive form in Sk{N,uj). By primitive, we mean that it is an 
eigenform, a newform and is normalized such that ai(<y9) = 1. For Re(s) ^ 0, the 
finite part Lf{s,ip) is a Dirichlet series with an Euler product as 

00 

Lf{s,(p) = ^a„n~* = JjLp(s,v2) 

n=l p 

where, for all primes p, we have 

L,{s, y.) = (1 - a,p~^ + u;{p)p'-'-'T' = (1 - - /^p.^P"')"' 

with the convention that if p\N then Pp^^^ = 0. We let Supp(A^) stand for the set of 
primes dividing and let S = Supp(A^) U {00}. 



PERIODS AND SPECIAL VALUES 



21 



For any n > 1, the partial n-th symmetric power L-function is defined as 
L^(s, Sym» = J] Lp(s, Sym», Re{s) > 0, 

where, for all p ^ 5, we have 

n 

L,{s, Sym» = ^(1 - ^^/^^^V')"'- 

The Langlands program predicts that L^{s, Sjm^ip), which is intially defined only 
in a half plane, admits a meromorphic continuation to the entire complex plane and 
that it has all the usual properties an automorphic L-function is supposed to have. 
This is known for n < 9 (with only partial results for n > 5) from the works of 
several people including Hecke, Shimura, Jacquet-Langlands, Gelbart- Jacquet, Kim 
and Shahidi. It is also known for all n for cusp forms of a special type, for instance, if 
the representation corresponding to the cusp form is dihedral or the other polyhedral 
types. 

For (f a primitive form in Sk{N,uj), we let M{if) be the motive associated to ip. 
This is a rank two motive over Q with coefficients in the field Q{if) generated by 
the Fourier coefficients of ip. (We refer the reader to Deligne [8J and SchoU [32] for 
details about M{ip).) The L-function L{s, M{(f)) associated to this motive is L{s, (f). 
Given the motive M{ip), there are nonzero complex numbers, called Deligne's periods, 
c^(M(99)) associated to it. Similarly, for the symmetric powers Sym"(M((^)), we 
have the corresponding periods c^(Sym"'(M((^))). In [HI Proposition 7.7] the periods 
for the symmetric powers are related to the periods of M{(f). The explicit formulae 
therein have a quantity 6{M[ip)), which depends on the Gauss sum of the nebentypus 
character lo and the weight k, and is given by 

c-l 

S{M{if)) ~ (27r2)i-SH := (27ri)^-'= ^ c<;(M)exp(-27rm/c), 

where c is the conductor of u, and by ~ we mean up to an element of Q{f). We will 
denote the right hand side by 6{u!). For brevity, we will denote c^(Sym"(M(v9))) by 
c^(Sym"((^)), and if = 1 this will be denoted (</?). 

Recall [8], Definition 1.3] that an integer m is critical for any motivic L-function 
L(s, M) if both Loo(s, M) and Loo(l — s, M^) are regular at s = m. Recall also that 
given a as above, and given any a e Aut(C), the function V5°"(z) = Yl'^=i o"(an)e^'^*"^ 
is a primitive modular form in Sk{N, uj'^). With this notation, we now state Deligne's 
conjecture [Bl Section 7] on the special values of the symmetric power L-functions. 

Conjecture 3.1.1. Let (f be a primitive form in Sk{N,uj). There exist nonzero 
complex numbers c^{(f) such that 
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(1) for n = 2r + 1, if we denote dr^ = r + 1, and 

c±(Sym» = c±(y,)('^+i)('-+2)/2 c^(y,)^'-(^'+i)/2 5(^)Kr+i)/2. 

(2) for n = 2r, if we denote d~^ = r + 1, d" = r, 

c+(Sym"(^) = {c+{ip)c~{ip)y'^'-+^^/^6{ujy^'+^y\ and 
c-(Sym» = (c+(^)c-(y.))^('-+i)/^5(c.)^'('^-i)/2; 

then for all a G Aut(C) and for any integer m which is critical for Lf{s, Sym^y^) we 
have 

/ L^(m,Sym» \ L^(m,SymV) 

where ± = (—1)™. 

We wish to emphasize that in the original conjecture of Dehgne, the numbers are 
periods which come via a comparison of rational structures on the de Rham and Betti 
realization of the motive; however, in this paper they are just a couple of complex 
numbers in terms of which the critical values of the symmetric power L-functions can 
be expressed. 

For n < 3 the conjecture is known. For = 1 it is due to Shimura [35]; fo^^ n = 2 
it is due to Sturm [SB], [3Z]; for n = 3 it is due to Garrett-Harris [5] and Kim- 
Shahidi [TB]. In general the conjecture is not known for higher (n > 4) symmetric 
power L-functions. Although, if (p is dihedral, then the conjecture is known to be 
true for any symmetric power via motivic techniques. This is because Deligne's main 
conjecture [HI §1 and §2] is known if one considers only the motives as those attached 
to abelian varieties and the category used is that defined by using absolute Hodge 
cycles for morphisms. However, in §3.41 we give a proof in the dihedral case using 
only L-functions. 

We remark that a prelude to this conjecture was certain calculations made by Zagier 
[ID] wherein he showed that such a statement holds for the n-th symmetric power 
L-function, with n < 4, of the Ramanujan A-function. 

3.2. Some known results on special values of L-functions. The purpose of this 
subsection is to recall some known special values results which will be relevant to us. 
Our aim in §3.41 is to prove a special values theorem for Lf{m,Sjm"(f) when (f is 
dihedral, in which case this L-function factorizes into a product of L-functions of 
degrees at most two; see Corollary 13.4.31 The following theorems describe the special 
values of these L-functions. In the course of the proof, we will need to use the special 
values of symmetric squared L-functions, which is also recalled in this subsection. 

Theorem 3.2.1 (Dirichlet L-functions). Let x be a nontrivial, primitive Dirichlet 
character modulo N. Let Lf{x,s) = Xl^i x(^)/''^* be the usual Dirichlet L-series 
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associated to x- Let u E {0, 1} be defined by x(— 1) = (— l)'^- For any integer m > 1, 
with m = V (mod 2), we have 

In the above theorem, a proof of which may be found in [271 §VII.9], the quantity 
Bm,x is a generahzed Bernoulh number which hes in Q(x)-the field generated by 
the values of x^and is Aut(C)-equivariant. For our purposes we rephrase the above 
theorem as 



^^■^■^^ " V(27r^)™7(x); (27r0™7(x'^) ■ 

Even if x is not primitive, the above equation still holds. Suppose that x is a character 
modulo N and of conductor c, with xo the associated primitive character modulo c. 
Then, by definition, we have 7(x) = 7(xo), and moreover, if S is the (possibly empty) 
set of primes p which divides but not c, then we have the equality 

Lf{s, uj) = Lf{s, ujo) JJ(1 - uJo{p)p'') 
pes 

in a half plane and hence everywhere. It is now easy to see that 03.2.2p holds for such 
a possibly imprimitive x- 

Theorem 3.2.3 (Modular forms; Shimura [31], [35]). Let ip be a primitive cusp form 
in Sk{N,uj) with Fourier expansion (^nQ^ where q = e^'^*^. Let Q{ip) be the field 

generated over Q by the Fourier coefficients of ip. Let ^ be a Dirichlet character and 
let Lf{s,p,^) = 'C(^)'2n^~^- Let m be an integer with 1 < m < k — 1. There 

exists complex numbers u^{p) depending only on p such that 

(1) For all a G Aut(C) we have 

^ \ (27ri)"^ 7(^) u^{p) ) (27ri)"^ 7(^'^) u^{p'') 

where ± = (-1)™^(-1). 

(2) Let {p>,(p) be the Petersson inner product defined as in [3T, (2.1)]. For all 
a G Aut(C) we have 

J i^-^'K^{uj){ip,^) \ ^ ^^-^7r7(cu-)(y.-,y;-) 
\ u^{p)u~{ip>) J {p>'^)u~ {(p"') 

Some remarks are in order, especially about the Shimura's periods m^(v?) and their 
relation to Deligne's periods c^{ip) of §3.11 If > 3, then Shimura's periods are 
defined as 



(27ri)^-i 7(^+) ' (27ri)'=-i7(^- 
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where are fixed real valued characters such that ^^(—1) = (— 1)*^^^ and ^~(— 1) = 
(— 1)'^. For k = 2, Shimura's periods are defined in the proof of, and the remark 
following, [351 Theorem 2]. It follows from the theorem above and Deligne's conjec- 
ture that Shimura's periods ^^(v^) may be identified, up to elements of Q{f), with 
Deligne's periods c^{<f). 

Theorem 3.2.4 (Symmetric squared; Sturm [36], [37]). Let ip he a primitive form 
in Sk{N,u). Let ip{z) = Yl'^=i dnQ"' be its Fourier expansion. Let ^ be a Dirichlet 
character. The Euler product 

2 

Lf{s, SymV, = H ' AV^(pK')"' 

converges for Ke{s) ^ 0, has a meromorphic continuation and has at most two simple 
poles at s = k and s = k — 1. Let v G {0, 1} be defined by ^(—1) = (— l)*^- Let 

^ 2 ,^ i^/(g,SymV,07r^-^'"-^ 
Z{s, Sym = — ^7^57 

where 9{a) = uj{a)^{a) (^) ^'^ and 7(6*^) is the Gauss sum associated to 6"^. For 
every a G Aut(C), and any integer m with k<m<2k — 2 — u and m = v (mod 2), 
we have 

Z{m, SymV, 0" = Z{m, Sym^", D- 

Sturm proves this result in [37] for m = k and for the rest of the values of m it has 
been known from his earlier paper [36]. In [37] there is a typo and the exponent of 
TT is incorrectly written as 2m + 1 — k, the correct one, which is 2m + 2 — k may be 
found in his earlier paper [36]. (Incidentally, there is an amusing typo of a different 
nature in [36]; see page 221 therein.) Using (2) of Theorem 13.2.31 and Lemma [3.3.61 
below, we can rewrite Sturm's theorem as 



(3.2.5) 



£/(m,SymV,g) \ ^ / £j(m, SymV^ ^") 

Observe that if C, is trivial, then using Lemma [3.3.61 the above equation exactly says 
that Conj ecture 13 . 1 . 1 1 is true for n = 2. 

3.3. Some lemmas. The purpose of this subsection is to record the critical integers 
of a symmetric power L-function associated to a modular form, as well as to record 
some useful lemmas which will be needed later in the paper. 

We let Wm, be the Weil group of M. Recall that as a set it is defined as = C*UjC*. 
The group structure is induced from that of C* and the relations jzj~^ = z and 
= —1. We have a homomorphism —>■ M* which sends 2; G C* to \z\ and 
sends j to —1. This homomorphism induces an isomorphism from the abelianization 
W^^ M*. We will let e : ^ {±1} denote the sign homomorphism, defined as 
e{z) = 1 and e(j) = —1. For these and other details on we refer the reader to 
|18j . We let 1 denote the trivial representation of the group in context. 
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Let A; > 1 be an integer. We let Xk-i denote the character of C* given hj z ^ 
{z/\z\)''^^. Let /(xfc-i) denote the representation 

liXk-i) = Ind^nXk-i). 

This is the Langlands parameter of the representation at infinity of a weight k modular 
form. Observe that I{xk-i) is irreducible if k > 2. 

Lemma 3.3.1. Let k be an integer > 2. For any n > 1 we have 

(1) Ifn = 2r + 1 then 

r 

Sym"(J(xfc-i)) = 0/(X(2a+i){fc-i))- 

a=0 

(2) Ifn = 2r then 

r 

Sym"(/(x.-i)) = e'-('=-i) ©0/(x(2a(.-i))). 

a=l 

Proof. The proof is quite easy and anyway such lemmas are well known to experts. We 
sketch the details here for lack of a good reference. We begin by making the following 
observations. Let a = I{x{k-i))- The determinant of a is given by det{a) = . 
For any two integers a, 6, I{xa) ® I{xb) - HXa+b) © HXa-b) and e © I{xa) - HXa)- 
Finally, /(I) = 1 © e. For any two dimensional representation a we have 

(T(g)(T ~ Sym^((T) © det(o-), 

Sym^(cr)©o- ~ Sym^(o-) © (a © det((T)). 

This proves the cases n = 2,3. For any n, observe that 

Sym"(a) © a ~ Sym"+^((T) © Sjm''-\a) © det{a). 

The proof follows by induction on n. □ 

Lemma 3.3.2 (Archimedean local factors \i8l). Let a be an irreducible representation 
of Wm.. The local factor L{s, a) is given by the following formulae: 

( 7r-(^+*)/^ r (^) ,^fcr=\■\i 
Lis,a) = l 7r-(«+*+i)/2r (^) ^ifa = e0\-\i 

[ 2(27r)-(^+*+'/2) r(s + t + 1/2) ,ifa = I{xi) © | ■ IJj with I > 1. 

Lemma 3.3.3. Let ip G Sk{N,uj) be a primitive form and let TT{(f) be the associated 
cuspidal automorphic representation. Let n > 1 be an integer. We have the following 
equality of L- functions: 

L{s, Sym'", 7r{^)) = L{s + n{k - l)/2, Sym"(^). 

The left hand side is the L- function attached by Langlands to 7r((/?) corresponding to 
the n-th symmetric power of the standard representation o/GL2(C). 
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Proof. We have 

Lf{s, = n ^P^^^ = (1 - ap^vP'')-\l - f3p,^p''y\ 
p 

Similarly, we have the L-function of vr = n{Lp) = ®p<oo^p given by 

Lf{s,7c) = YlLp{s,7ip) = YI{1 - ap^^p-')-\l - Pp^^p-'y\ 
p p 

We know that Lj(s, vr) = Lf{s + {k — l)/2,(f). (See [lOj, Example 6.19] for instance.) 
Hence ap^^, = OLp^^p^^^~^'>/'^ and jSp^.,, = Pp,ipP'^^''^^^^'^- The lemma follows from the Euler 
products for both the symmetric power L-functions. □ 

We can now record the critical integers for symmetric power L-functions. The main 
ingredients of the proof involves the local Langlands correspondence at infinity and 
some of the lemmas above. An artifice one keeps in mind is that for an L-function 
of an automorphic representation of GL„, we look for critical points m which are 
integral, if n is odd, and are half-integral of the form m + 1/2, if n is even. This 
artifice corresponds to the so-called motivic normalization [7, p. 139]. 

Lemma 3.3.4. Let (f be a primitive cusp form of weight k. The set of critical integers 
for Lf(s, Sym^^^^Lf) is given by integers m with 

r{k-l) + l<m<{r + l){k - 1). 
Proof. See the proof of Lemma 13.3.51 below. □ 

Lemma 3.3.5. Let ip be a primitive cusp form of weight k. The set of critical integers 
for Lf^s^Sjm^^ip) is given by: 

(1) If r odd and k even then 

{{r-l){k-l) + l,{r-l){k-l)+3,...,r{k-iy, r{k-l) + l,r{k-l)+3, . . . ,{r + l){k-l)}. 

(2) If r odd and k odd then 

{(r-l)(A;-l) + l, (r-l)(fc-l) + 3, . . . ,r(A;-l)-l; r{k-l) + 2,r{k-l)+4, (r + l)(/c-l)}. 

(3) If r even and k even then 

{(r-l)(fc-l)+2, (r-l)(A:-l)+4, . . . ,r(A;-l)-l; r(A:-l)+2, r(A:-l)+4, . . . , (r+l)(A;-l)-l}. 

(4) // r even and k odd then 

{(r-l)(A:-l) + l, (r-l)(A;-l) + 3, . . . ,r(A:-l)-l; r(A;-l) + 2, r(A;-l)+4, . . . , (r+l)(A;-l)}. 

Proof. The proof is a rather tedious application of the above lemmas. As a represen- 
tative example we prove it for L{s, Sym^yj) and leave the general case to the reader! 
Let TT = tt{(p) be the representation associated to (p. We will identify the critical 
points for Sym'', vr), and the corresponding statement for Sym''^) follows 
from Lemma I3.3.3[ By the above mentioned 'artifice' we look for integers m such 
that Loois, Sym^, vr) and Loo(l — s, Sym^, vr^) are regular at s = m. 
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Via the local Langlands correspondence we transfer our attention to the L-functions 
at infinity on the 'Galois side'. Since vr = 7T{ip), the representation tt^ is a discrete 
series representation of GL2(M) of lowest weight k. The Langlands parameter of this 
is the representation I{x(k-i)) = IndJ^*(xfc-i)- Hence 

Loo(s, Sym^ n) = L{s, Sym^(/(x(fc-i)))). 

Using Lemma [3 . 3 . 1 1 and Lemma [3.3.21 we get 

Lis, Sjm\lix(k-i)))) ~ r{s + 2{k - l))T{s + k- l)T{s/2). 

Just for this proof, by ~ we mean up to an exponential function, which is holomorphic 
and nonvanishing everywhere, and so is irrelevant for the computation of a critical 
point. We also have 

Loo(l - s, Sym^ vr'') ~ T{2k - s - l)T{k - s)T{{l - s)/2). 

since the Langlands correspondence and symmetric powers both commute with taking 
contragredients. Hence, we get that an integer m is critical if 

(1) m + A; - 1 > 1, 

(2) m is not an even nonpositive integer, 

(3) k — m > 1, and 

(4) m not an odd positive integer. 

□ 

We end this subsection by recalling some standard facts about Dirichlet characters. 
We will identify Dirichlet characters with characters of the idele class group of Q via 
the isomorphism ^271 Proposition 6.1.10]. An important detail in this dictionary is 
that the parity of a Dirichlet character x is seen by the infinity component Xoo of the 
corresponding idele class character, i.e., x(— 1) = Xoo(— 1)- Let ip he a. primitive form 
in Sk{N,u!), where is a Dirichlet character modulo N. Let ir^ip) be the associated 
cuspidal automorphic representation of GL2(Aq). Let ujn{<fi) be the central character of 
7r{(f); it is an idele class character. Under the above identification, we have ujTr(ip) = ^■ 
This may be seen by comparing the coeffcients of p~'^^ in the Euler products appearing 
in the proof of Lemma 13.3.31 We finally recall an important property of the Gauss 
sum of the product of two Dirichlet characters. 

Lemma 3.3.6. Let ui and uj2 be Dirichlet characters. For all a G Aut(C), we have 

^ f 7(^1)7(^2) A ^ 7(^7)7(^2) 

V 7('^i'^2) ) 

Proof. This lemma is due to Shimura. See [Ml Lemma 8] where the proof is unrea- 
sonably complicated. A simpler proof is suggested in [35l (§4, Remark 1)]. For the 
sake of completeness we sketch this proof. Let c be the least common multiple of 
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the conductors of cui, and uj\uj2- Let 6 G Z be relatively prime to c such that 
^^g27n/c-j _ ^2Tnb/c_ j£ jg ^j^g couductor of cji, then we have 

Cl — 1 Cl — 1 

ci-1 

= a(c.i(6)-i) ^ ujl{x)e'-'^'^^ = a{uj,{h)-')^{ul). 

Similarly, cr(7(u;2)) = o'(t^2(&)~"^)7(^2 ) ^^nd cr(7(a;iu;2)) = cr(^^i(&)~"^^^2(&)~"^)7(^r^2 )• 
Hence the quotient 7(1^71) 7 (co'2)/7(co'iCo'2) is equivariant under all a G Aut(C). □ 

3.4. Dihedral forms. In this section we prove a theorem about the special values 
of any symmetric power L-function associated to a dihedral cusp form. This formally 
looks exactly like Deligne's conjecture, the only difference being that Deligne's motiv- 
cally defined periods c^{^) are replaced by Shimura's periods u^{ip). (See the para- 
graph after Theorem 13.2.31 ) As mentioned earlier, Deligne's conjecture for dihedral 
forms is known via motivic considerations. In what follows we use only L-functions, 
and in the process use some nonvanishing results for twists of L-functions. The tech- 
nical heart of the proof below is a certain period relation which is interesting in its 
own right, and it is this relation which justifies this section. If 99^ denotes the dihedral 
modular form corresponding to a character x of imaginary quadratic number field, 
then the main theorem proved in this section relates the periods of y^^n-for any power 
X" of x^to the periods of ip^ (see Theorem 13.4.71 below). 

Note that if one has a cuspidal automorphic representation tt of GL2(Aq), and 
suppose TT = K\k/q{x) is dihedral, then every symmetric power lifting Sym"(7r), in 
the sense of Langlands functoriality, exists. To state functoriality, we need some 
notation. Let VTq denote the Weil-Deligne group of Qp. The local Langlands corre- 
spondence (see [20]) gives a bijection between irreducible admissible representations 
TT of GL„(Qp) and n-dimensional semisimple representations a of W^q^. We will de- 
note this bijection by vr 1— and similarly cr 7r((j). Now let vr denote a cuspidal 
automorphic representation of GL2(A(q). Then vr is a tensor product of local represen- 
tations as vr = ®'TTp. (We let p run through the finite primes as well as 00.) To each 
TTp, a representation of GL2(Qp), is associated via the local Langlands correspondence, 
a representation 7r(Sym"(cr(7rp))) of GL„+i(Qp). We will denote this representation 
as Sym"(7rp). If vr^ is unramified then so is Sym"(7rp). The global symmetric power 
lift is defined as Sym"(7r) = ^p^g^Sym" (vTp). Langlands functoriality takes the form 
that the irreducible representation Sym"(7r) is an isobaric automorphic representa- 
tion of GL„_(_i(Aq). This functorial formalism also asserts that the symmetric power 
L-function L(s,Sym",7r) is the standard L-function L(s, Sym"(7r)) of Sym"'(7r). If vr 
is dihedral then one can indeed write down the isobaric decomposition of Sym'^(7r). 
See Lemma [3.4.21 below. 
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For the rest of this section we let K/Q be an imaginary quadratic extension. We 
will let uk = ^K/Q denote the corresponding quadratic character of Q*\Iq. (Note 
that as a Dirichlet character, uox is an odd character.) We let 7;^ denote the Gauss 
sum associated to uo^- We let x denote a character of K*\Ik such that its infinity 
component is Xoo{z) = {z/\z\Y~'^ for an integer k > 2. Hence is not Gal{K/Q) 
invariant for any n > 1 by the following lemma. 

Lemma 3.4.1. Let (f be a primitive form in Sk{N,uj). Suppose that tt = 7r(y9) is a 
dihedral form, n = AIk/q{x)> where for some integer r > 1, x^ is invariant under the 
Galois group of K/Q. Then ip is necessarily a weight 1 form, i.e., k = 1. 

Proof. Since n = tt{lp) = AIk/q{x) corresponds to a weight k form, we must have the 
character at infinity Xoo '■ C*, to be given by Xoo(^) = Since x'' is 

Galois invariant, there is an idele class character /i of Q such that x^ = ° Nk/q- 
Let the character /loo : Qoo C* be given by fioo{(^) = sign(a)^|a|* for e G {0, 1} and 
some t e C The relation xL) = f^oo° Nk^/q^ gives {z/\z\)''''--''^^^ = \z\'^^ for all z G C*. 
It is easy to see that this forces k = 1 and t = 0. □ 

We note that as far as Deligne's conjectures are concerned, weight 1 forms are not 
interesting since by Lemma 13.3.41 and Lemma 13.3.51 the symmetric power L-functions 
do not have critical points. We will henceforth assume that x" is not Galois invariant 
for any nonzero integer n. 

Let TT = 7r(x) := AIk/q{x) be the dihedral cuspidal automorphic representation 
associated to x- We denote the corresponding holomorphic cusp form as ip^. Note that 
ip^^ G Sk{N, u) where the level N depends on the conductor of x and the discriminant 
of K, and the nebentypus u can be described as uuk = Xq as an equality of idele class 
characters of Q. (Here xq denotes the restriction of x to Iq.) The first step to proving 
Deligne's conjecture is to write down a decomposition of L{s, Sym"y)) when ip = ip^ 
is dihedral. The following lemma gives the isobaric decomposition of a symmetric 
power lift of a dihedral cusp form. 

Lemma 3.4.2. Let x be a character of a quadratic extension K/Q and assume that 
X" is not Galois invariant for any nonzero integer n. Recall that xq is the restriction 
of X to the ideles of Q. Then we have 

Sjm'^{AlK/Q{x)) = K=l^iK/Q{x''^-^x'lSXQ, 
Sym2'-+i(AI^/Q(x)) = ffl;=oAIi./Q(x'^+'-"x")- 



Proof. The proof is by induction on n for Sym"(AI/f/(Q(x)) and is analogous to the 
proof of Lemma 13.3.11 We leave the details to the reader. □ 



30 



A. RAGHURAM AND FREYDOON SHAHIDI 



Corollary 3.4.3. The symmetric power L-functions of a dihedral cusp form decom- 
pose as follows: 

r-1 

Lf{s,Sym'^''ipy^) = Lf{s - r{k - l),{ujujKY)Y\_Lf{s - a{k - l),ip^2(r-a),uj'') 

a=0 

■r-1 

= Lf{s - r{k - 1), {loujkT) W Lf{s - a{k - 1), ip^2(r-a) , {uukT). 

r 

L/(s,Sym^''+Vx) = -^^/(s - a(/c - 1), (/?^2{r-a)+i , w") 

a=0 
r 

= - a{k - 1), tp^2(r-a)+i , {loujkT)- 

a=0 

Proof. Note that AIk/q{x^'''~'^x'"') ^ AIx/q(x^^'"'"^) ® Xq a^id a similar statement for 
odd symmetric powers. Note also that for any integer /, AIk/q{x'') — A1x/q(x') ^^k- 
The proof follows from Lemma 13.3.31 and Lemma 13.4.21 □ 

To prove Deligne's conjecture for dihedral forms, we will need to relate the periods 
of the cusp forms (p^n to the periods of the cusp form ip^, but before doing so we 
need some preliminaries on Galois properties of dihedral forms. Especially, we want 
to know the behaviour of dihedral forms under the action of Aut(C). 

Given a primitive modular form (p of weight k, with Fourier expansion (p{z) = 
X]«ne^™^, and given a G Aut(C), we define (f'^iz) = X] '^('^■«)e^™^; which is also 
a primitive modular form of the same weight k. We begin by observing that the 
process of attaching a cuspidal representation vr(y9) to ip is not an equivariant process 
in general. It is so exactly when the weight k is even, which is also the parity condition 
on k which ensures that vr(y9) is algebraic. It is easily checked that 7r(y9) ® || ||~'^/^ 
is an algebraic (regular cuspidal automorphic) representation. (See Clozel [H P-91].) 
Appealing to [H Theoreme 3.13] we deduce that (vr(v9) \\ l^^/^)'^ is an algebraic 
cuspidal representation. Indeed, we have 

(3.4.4) (7r(y.) ® II = 7r((^'^) ® || \\-'/^. 

This may be seen by comparing both sides at all unramified places, while using 
Waldspurger [3H1 Exemple §1.2]. (It is interesting to note that, in the spirit of Clozel 
[3, Definitions 1.9-1.11], one can define the process (p ^ 7r((^), with a Tate twist 
n'^{^p) := vr(v9) ® || l^^^^, so that the map ip ^-^ '^'^{'p) is equivariant, i.e., respects 
algebraicity.) 

Next, we analyze such an equivariance property for automorphic induction. Let x 
be a Hecke character of K (an imaginary quadratic extension) with Xoo{z) = {z/\z\Y~'^ 
for an integer k > 2. Consider the automorphic induction AIx/q{x)j which is a 
cuspidal representation. As above, AIi^/Q(x) ® || ||^^/^ is an algebraic representation. 
We can apply a to this, and ask for the relation of the resulting representation with 
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the induction of x'^ ■ Note that x is not algebraic in general, however, x®\ II ^'^ ^^^"^ 
is an algebraic idele class character, and so we can apply a to such a twist of x- (For 
the definition of {x® \\ \\-^^-^y^Y see Clozel [3 p.l07].) We have 

(3.4.5) (AIk/q(x) ® II \\-'''r = AIi./Q((x ® II ) ® II 

To such a character x we have the modular cusp form ip^, which we recall is defined 
as that form for which 7r((y9j^) = AI;^/q(x). From fl3.4.4p and fl3.4.5l) we deduce 

(3.4.6) = v?(;^®|| ||-{ft-i)/2)<.(g3|| ||{fc-i)/2. 

In particular, ifip is a dihedral form then so is ip" , and comes from the same quadratic 
extension (namely K) as that for ip. 

(If k is odd, then fl3.4.6p simplifies to = ip^<T. This can be seen easily in the 
classical setup: We let x be the corresponding Grossencharakter attached to x- Define 
a function ip^ on the upper half plane by 

<^-(^) = ^x(a)iV(a)(^-i)/2g2..jv{a). 

where a runs over all the integral ideals of K. Assume that x (or equivalently x) 
is primitive. Then ip-^ is a primitive modular cusp form. (See [25l Theorem 3.8.2].) 
Then ip^ = (pj^ which may be seen by comparing Satake parameters for both the 
modular forms. Now the equivariance of x V^x obvious when k is odd.) 
We can now state and prove the main result of this section. 

Theorem 3.4.7 (Period relations for dihedral forms). Let x be a Hecke character of 
an imaginary quadratic field K with Xod{^) = (^/kl)'^"^ /^^ integer k > 2. Let 
(p^ be the corresponding modular cusp form. For any positive integer n and for all 
a G Aut(C) we have 

(1) 

'M+(^x")^ _ "^(v'x") 



cr 



n 



(2) 



a 



u+{lp^Y'^kJ u+{ip^Y-fK 
where is the Gauss sum of the quadratic character ujk of Q associated to K . 

Proof. Before we get into the proof of the theorem, we record some nonvanishing 
results for L-functions which will be useful later on. 

Lemma 3.4.8. With the notations as above 

(1) There is an even Dirichlet character ^ such that Lf{l,(p^,^) ^ 0. 

(2) There is an even Dirichlet character ^ such that Lf{k, ip^n x [(p^ ® 0) 7^ 0- 
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Proof. The first assertion follows by using the main theorem of Rohrlich [31]. The 
second assertion follows by using the main theorem of Barthel-Ramakrishnan [T] 
while thinking of the Rankin-Selberg L-function as a standard L-function for GL4, 
which we can do by the work of Ramakrishnan [30] . □ 

We will prove the theorem by induction on n. The following lemma is the n = 1 
case of the theorem, for which (1) is a tautology, and it is only statement (2) which 
needs a proof. Observe that (2) implies in particular that for any dihedral form 
the periods are algebraically dependent. (See also Harris [13l Remark (2.7)] and 
Bertrand [2], Corollary 1, p. 35].) 



Lemma 3.4.9. With the notations as in Theorem \3.4.'T\ we have 

K 



Proof. By Lemma [3.4.81 there is an even Dirichlet character ^ such that 1/(1, y9^,^) 7^ 
0. Since AI^/q(x) ^ AI^/q(x) ® ujk we get Lf{s,Lp^,r]) = Lf{s,Lp^,r]ujK) for any 
Dirichlet character rj. We have 



By Theorem 13.2.31 and Lemma [3.3.61 every factor on the right is Aut(C)-equivariant, 
and hence so is the left hand side. Observe also that 



u'^i'Px) ( M+(<^x)7i^ 



Ik'- 



This proves the lemma since 7^^ € Q. □ 
The above lemma applied to x"" gives (1) ^ (2) of Theorem 13.4.71 since 



It remains to prove (1), which we do so by induction on n. We just verified the 
n = 1 case in the above lemma. Next, we prove it for n = 2, and then prove it by 
induction for all n (since the statement for n + 1 will depend on the statements for n 
and n — 1). Applying Corollary 13.4.31 we have 

Lf{2k — 2, Lp^2)Lf{k — 1, ujujk) = Lf{2k — 2, Sym^y^^). 

Observe that {ujujK)i—^) = (—1)'^'^^ and hence 2A; — 2 is critical for Lf(s, Sym^y^^^) by 
Theorem 13.2.41 or by Lemma [3. 3. 5[ and (necessarily) /c — 1 is critical for L/(s, cjcux/q) 
and 2A; — 2 is critical for Lf{s,!f^2). Observe also that since k >2 both the factors 
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on the left hand side are nonzero. Finally, in the expression 

^ Lfi2k-2,^^2) J ■ V(27r^p-%+(v^>-(^j7M; ' 

\Lf{k-l,UJUJK) J V li^^K) J \U+{ip^)jKj 

applying Theorem I3.2.3[ Theorem 13.2.41 (I3.2.2p , Lemma 13.3.61 and Lemma I3.4.9[ we 
see that each of the five factors on the right is Aut(C)-equivariant, and hence so is 
the left hand side. To apply induction for n > 3, we need the following lemma. 

Lemma 3.4.10. For all n > 2 we have 

Proof. Consider the Rankin- Selberg L-function L{s, x </}^). It is easy to see using 
Lemma 13.3.31 that 

(3.4.11) V^x" ^ V'x) ~ -^/(■^' V^X^+O-^/l-^ — + 1, V^;,^"-!, iS). 

Note that s = A; is critical for Lj(s,v9^n+i) and i^/(s — /c + 1, a;) and hence it 

is critical for the Rankin-Selberg L-function also. The lemma follows by evaluating 
(13.4. lip at s = fc. Applying Lemma 13.4.81 we can choose an even Dirichlet character 
C, such that Lf{k, (p^n x [ip^ (g) ^)) ^ 0. If ± = (—1)'', we have 

u^i^x")u~{Vx") ^ ( (27ri)^+^(M+(y^n)M-(yxn))7(a;^2) \ _ 

M±((^^n + l)MT(^^n-l) V L/(A;,(^^n X (^^ ® 0) J 

V(27rz)'=M±(¥P^„+i)7(0; ' V(2^0«^(^x"-07K)/ ' 
V 7K^) )' 

In the right hand side, we see that the first factor is Aut(C)-equivariant by applying 
Shimura Theorem 4]. (In the notations of that theorem, take / = <y9^n, and g = 
V^x ® 'C; observe that all the hypothesis of that theorem are indeed satisfied.) Further, 
applying Theorem 13.2.31 and Lemma 13.3.61 we see that every factor is equivariant and 
hence so is the left hand side. If k is even then this exactly proves the lemma, and if 
k is odd, we still get the lemma by appealing (twice) to Lemma 13.4.91 □ 

Theorem 13.4.71 follows by induction using Lemma [3.4.101 (and Lemma [3. 4. 9p . □ 

We are now in a position to verify Deligne's conjecture for a dihedral cusp form. 

Theorem 3.4.12. For a dihedral cusp form (like (f^) Conjecture \3.1.1\ is true. 
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Proof. The proof follows from Corollary 13.4.31 Lemma 13.3.41 Lemma 13.3.51 Theo- 
rem 13.4.71 and Theorem 13.2.31 While using Corollary 13.4.31 it is convenient to use the 
decompositions with tu" if k is even and to use those with {uukY if ^ is odd, since the 
special values of a twisted L-function are easy to describe if the twisting character is 
even. Carrying out the proof is rather tedious; we just sketch the details in one case, 
the rest of the cases being absolutely similar. 

Consider Lf(m,Sym^^~^^(^^). Checking the details will depend on the parities of 
m, r and k; eight cases in all. We sketch the details when all of them are even. From 
Corollary 13.4.31 we have 

r 

Lf{m, Sjm^'^'^^Lp^) = Y\ Lf{m — a{k — 1), (p^2{r-a)+i^u°') 

a=0 

where m is given by Lemma I3.3.4[ Applying Theorem 13.2.31 to every factor on the 
right we get that 

nLfim - a{k - l),ip^2(r-a)+i,uj°-) 
„=o (2vri)™~'*(*^-i)n{-i)''((/?^2(.-a)+i)7(cj'^) 

is Aut(C)-equivariant. The denominator, after grouping together the various powers 
of (27ri), the powers of 7(0;) (using Lemma 13. 3. 6p and finally the periods m^, is up to 
equivariant quantities, the same as 

(2vrz)-(^+«-('=-i)'-('^+i)/27(^)^(^+'^/'(«+(^x-+0«"(^x--0 ■ • ■«-(^x^)«+(^x))- 

Using Theorem 13.4.71 and the definition of this simplifies, up to equivariant 
quantities, to 

(27rO'"(^'-+i)5(a;)^'-(^'+i)/2M+((^j('-+i)'7^/'. 

Since r is even, r/2 = r(r + l)/2 (mod 2), and 7^ G Q, using Theorem 13.4.71 this 
further simplifies to 

(27r^)-{r'+i)c+(Sym2'^+Vx) 

which concludes the proof in this case. (In the definition of c+(Sym^''^^y9^), we replace 
c^((^^) by M^(</9^); see the paragraph after Theorem 13.2.31 ) 

The remaining cases, when at least one of m,r or k is odd, are absolutely simi- 
lar. Likewise, the case of Lf(m, Sjm^'^^py.), with its eight subcases depending on the 
parities of m, r and k, is again very similar. We leave the details to the reader. □ 

4. Remarks on symmetric fourth power L-functions 

4.L Consequences of cuspidality of the symmetric fourth. We recall one of the 
main theorems of Kim-Shahidi [17] which characterizes cuspidality of the symmetric 
fourth power transfer of a cusp form on GL2. The following theorem is equivalent to 
[T71 Theorem 3.3.7]. 



PERIODS AND SPECIAL VALUES 



35 



Theorem 4.1.1. Let F be a number field and let tt be a cuspidal automorphic repre- 
sentation of GL2{Ap). Then Sym^(7r) is not cuspidal as an automorphic representa- 
tion of GL^{Af) if and only if it is dihedral, tetrahedral or octahedral. 

We digress a little and clarify the various equivalent versions of a cuspidal auto- 
morphic representation being dihedral, tetrahedral or octahedral type. The proofs 
are slightly scattered over the literature and the aim is to guide the reader to the 
appropriate references, while sketching some easy arguments. The expert on these 
issues can skip to the paragraph after the proof of Proposition I4.1.4[ 

Proposition 4.1.2. Let F be a number field and let it be a cuspidal automorphic 
representation of GL2{Af)- Then the following are equivalent. 

(1) vr is dihedral, i.e., vr is attached to a two dimensional irreducible representation 
a of Wp which is induced from a character of Wk for a quadratic extension 
K/F;a = lndC-^{x). 

(2) There exists a nontrivial idele class character t] of F such that vr ~ Ti^rj. The 
character t] is necessarily quadratic. 

(3) Sym^(7r) is not cuspidal. 

Proof. For (1) =^ (2) take rj = ojk/f- The statement (2) ^ (1) is due to Labesse- 
Langlands [HI Proposition 6.5]. The statement (2) => (3) can be seen using L- 
functions and the heuristic a®a'^ ~ {o ^rfj^a"^ ^ (Sym^(cr) ®dei{a)~'^ri) ©77. Hence 
the L-function L(s, Sym^(7r) ® uj~^i]) has a pole at s = 1. The statement (3) =^ (2) 
is contained in Gelbart-Jacquet [11] Theorem 9.3]. □ 

Proposition 4.1.3. Let F be a number field and let n be a cuspidal automorphic 
representation of GL2{Af). Assume that vr is not dihedral. Then the following are 
equivalent. 

(1) vr is tetrahedral, i.e., n is attached to a two dimensional irreducible represen- 
tation a : Wp GL2(C) whose image in PGL2(C) is isomorphic to A4. 

(2) There exists a nontrivial idele class character r] of F such that Sym^(7r) ~ 
Sym^(7r) t]. The character 77 is necessarily cubic. 

(3) Sym^(7r) is cuspidal and Sym'^(7r) is not cuspidal. 

Proof. The statement (1) =^ (2) follows from the representation theory of A4] it 
suffices to observe that there is a character i] such that Sym^((T) ~ Sym^((j) ® r]. 

The statement (2) =^ (1) can be seen as follows: Let E/F be the cyclic extension 
of degree 3 defined by rj. Since vr satisfies Sjm^(a) ~ Sym^(cr) f], we get using 
the first paragraph of the proof of Lemma 9.2 in [33] that the base change np of vr 
to E is monomial, i.e., np = '^{o'e) for a representation ap of Wp which is induced 
from a quadratic extension K/E as ap = Ind|^^(x) for some character x- Since 
TTp is Gal(£'/-F) -invariant, so is ap. Hence ap extends to a representation, say a of 
Wp. That it extends may be seen by Lemma 7.9 of [19]; or by appealing to the fact 
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that H'^{Wf,'C*) is trivial. Consider the image / of a in PGL2(C). It is not cydic 
because vr is cuspidal; it is not dihedral because vr is assumed not to be dihedral; 
it is not 5*4 or because neither has an index 3 subgroup; hence the image I is 
A4 or that a is tetrahedral type. Now consider n{a) and its base change 'n{cr)E to 
E. We have n{a)E = 7r((j|vi/£;) = t^{o-e) = '^e- Hence for some i = 0,1,2 we have 
7r = 7r((T) ®rf = Tc{a ® rf). 

The equivalence (2) (3) is contained in [161 Proposition 6.3] □ 

Proposition 4.1.4. Let F he a number field and let tt be a cuspidal automorphic 
representation of GL2{Af) . Assume that vr is neither dihedral nor tetrahedral. Then 
the following are equivalent. 

(1) TT is octahedral, i.e., vr is attached to a two dimensional irreducible represen- 
tation a : Wp GL2(C) whose image in PGL2(C) is isomorphic to S4. 

(2) There exists a quadratic extension E/F and there exists a nontrivial idele 
class character rj of E such that BC£;/i?(Sym^(7r)) ~ BC£;/ir(Sym^(7r)) ^rj. 
The character rj is necessarily cubic. 

(3) Sym^(7r) and Sym^(7r) are cuspidal, and Sym^(7r) is not cuspidal. 

Proof. The statement (1) =^ (2) follows from Proposition 14.1.31 by noting that ^4 is 
a normal subgroup of index 2 in 5*4 and that BC e/f commutes with Sym^ which can 
be seen by verifying it locally everywhere. The statement (2) =^ (1) is proved in [TTf 
Proposition 3.3.8 (2)] and is similar to the the proof of (2) ^ (1) of Proposition 14 . 1 . 31 
above. The equivalence (2) (3) is contained in [T7J Proposition 3.3.6]. □ 

Now let us consider Deligne's conjecture for the special values of L{s, Sym^c/?) where 
if is a primitive form in Sk{N,uj). The L-function is, up to shifting by 2{k — 1), 
the standard L-function L(s, Sym^(7r(y9)). If the representation Sjm^{Tc{Lp)) is not 
cuspidal, then appealing to the above cuspidality theorem we know that Ti^ip) is 
either dihedral, tetrahedral or octahedral. In the dihedral case we have given a proof 
in §3.41 The proof in the tetrahedral and octahedral cases, if one may use the word 
proof in such a context, boils down to showing that there are no critical integers for 
L{s, Sym^, vr) and hence Deligne's conjecture is vacuously true! The following well 
known lemma says that in these cases the cusp form we begin with is necessarily of 
weight one {k = 1), and so from Lemma [3.3.41 and Lemma [3.3.51 it follows that there 
are no critical points. 

Lemma 4.1.5. Let ip be a primitive form in Sk{N,uj). Let vr = vr((y9) be the cuspidal 
representation o/GL2(Aq) attached to ip. If tt corresponds to a two dimensional rep- 
resentation a ofWiQ whose image in PGL2(C) is finite, then k = 1. (In particular, if 
7r{(p) is tetrahedral or octahedral, then the modular form ip we begin with is necessarily 
a weight one form.) 

Proof. If k > 2, then the image of (Too = IndJ5*(xA:-i) in PGL2(C) is infinite. □ 
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We need to consider the case now when Sym^(7r is cuspidal. A possible strategy 
then is to appeal to the work of Mahnkopf [21] and apply his results on the special 
values of standard L-functions of GL„ to the particular case of L{s,Sjm^(Tc{Lp)). 
Recall that an important part of the hypothesis in his work is that representation one 
begins with is cohomological. Since this is of independent interest, we consider this 
in the next subsection. 

4.2. Cohomological criterion. In this subsection we recall the following theorem, 
essentially due to Labesse-Schwermer [22], which says that symmetric power lifts of 
a holomorphic modular form are cohomological. 

Theorem 4.2.1. Let ip e Sk{N,uj) with k>2. Let n> 1. Assume that Sym"(7r(v9)) 
is a cuspidal representation o/ GL„_|_i(Aq). Let 

n = Sym"(7r(<^))®e® II II' 

where ^ is any idele class character such that C,oo = sgn^, with t G {0, 1}, and || || is 
the adelic norm. We suppose that s and e satisfy: 

(1) If n is even, then let s E 1j and e = n{k — l)/2 (mod 2). 

(2) If n is odd then, we let s E Tj if k is even, and we let s E 1 /2 + Tj if k is odd. 
We impose no condition on e. 

Then 11 G Coh(G'„+i, /i^) where fi G X~^(Tn+i) is given by 

fn{k-2) {n-2){k-2) -n{k-2) \ ^, 



Here pn+i is half the sum of positive roots o/GL„+i. In other words, the representation 
Sym'^(7r ® ^ ® | ■ |'^, with ^ and s as above, contributes to cuspidal cohomology of 
the locally symmetric space GL„+i(Q)\GL„+i(A(q)/K/_K"°_^;^ '"^^^^ coefficients in the 
local system determined by p^v , where Kf is a deep enough open compact subgroup of 
GL„+ i(Aqj). (Here Aqj denotes the finite adeles ofQ.) 

Proof. See [29l Theorem 5.5]. □ 

Corollary 4.2.2. Let ip G Sk{N,uj). Assume that k > 2 and that (p is not dihedral. 
Then, up to twisiting by a quadratic character, Sym"'(7r(v9)) forn = 2,3,4, contributes 
to cuspidal cohomology. 

4.3. Special values. As in the hypothesis of the above corollary, consider a holo- 
morphic primitive modular form (p G Sk{N,uj). Assume that k > 2 and that (p is 
not dihedral (the other cases being done with, as far as special values are concerned). 
Let n = Sym'^(7r ((/?)). Then by Theorem 14.2.11 we have 11 G Coh(GL5,/i^) where 
H = (fc — 2)p5. We may appeal to Mahnkopf [24J and get information on the special 
values of L(s, 11) and hence about L(s, Sym^^y^). The purpose of this section is to 
record, what according to us, are some impediments of this strategy. 
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(1) Nonvanishing hypothesis. Mahnkopf's work [2lj is based on a certain nonvan- 
ishing hypothesis. This hypothesis shows up in several other works on special 
values of L-functions which are based on cohomological interpretations of zeta 
integrals. See [29l §6.2] for a summary of the main results of [21] and this non- 
vanishing hypothesis. Eliminating this hypothesis, a problem which concerns 
archimedean zeta integrals, is an important technical problem. 

(2) Auxiliary twisting. In [21] there is an auxiliary character t] which has been 
brought in to finesse the bad places for the representations at hand. The 
presence of this character only gives the special values of certain twisted L- 
functions, and not any particular L- function that one might care about. We 
believe that it is possible to work through Mahnkopf [21], while using the 
observation that special values of local L-functions are always rational. (See 
[3, Lemme 4.6].) This is work in progress, and we hope to report on this on a 
future ocassion. 

(3) Explicit comparison of periods. This is a far more philosophical problem. 
The periods of Harder and Mahnkopf (and more generally those in ^ come 
by comparing rational structures on the Whittaker model and on a certain 
cohomology space. However, in Deligne's conjectures, the periods come by 
comparing rational structures on the de Rham and Betti realization of the 
underlying motive. There is no obvious comparison between these periods. 
Untill this problem is explicitly solved, the best one can hope is to prove a 
theorem which only formally looks like the predictions made by Deligne [8]. 
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